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Chapter 11

Tree-Based Dynamic Risk Estimation

11.1 Introduction: From Time Series to Conditional
Risk Trees

Chapter 10 introduced time series as tools for monitoring variables that evolve
through time. For many risk problems, however, monitoring is not enough.
A risk manager does not only need to know that copper prices have been
volatile. The manager needs to know what the remaining procurement loss
could be if the price moves to a new level next month, and how that risk
changes over the rest of the planning horizon.

A rolling-window estimate gives one current risk number from recent
historical data. This is useful for surveillance, but it is not a conditional map
of future risk. Chapter 11 develops that map using a recombining price lattice.
The lattice converts historical price behaviour into future price nodes. After
a procurement loss function is attached to the nodes, each node generates a
conditional loss table. Expected loss, VaR, and CVaR are then computed
from the losses still reachable from that node.

The first modelling question is whether the price level should be treated as
stationary. If a price fluctuates around a stable mean, a pullback model may
be appropriate. If the level is persistent or non-stationary, imposing pullback
can understate risk. This chapter therefore starts with simple diagnostics for
non-stationarity. The copper application is treated as a persistent price-level
process: the level is not assumed to return quickly to a fixed mean, while
monthly log price changes are used to calibrate the scale of future lattice
movements.

The chapter bridges three earlier parts of the book. Chapters 4–6 devel-
oped loss distributions, VaR, CVaR, and scenario-based tail risk. Chapter 10
showed how risk drivers evolve over time. This chapter combines both ideas:
a price lattice turns a time series into conditional future loss tables. The
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objective is transparency: the analyst should be able to state the data used,
the non-stationarity diagnostics, the lattice calibration, the loss function, and
the tail-risk calculation at each node.

The application is commodity procurement risk. Commodity prices are
not generic financial time series. Their dynamics depend on storability,
inventories, production adjustment, seasonality, and the distinction between
spot and forward markets [10, 7]. Copper is used as the running case because it
is a major input in manufacturing, construction, electrification, infrastructure,
and energy-transition supply chains.

The chapter proceeds as follows. Section 11.2 uses simple diagnostics to
assess non-stationarity. Section 11.3 builds a random-walk price lattice from
historical price changes. Section 11.4 shows how backward induction creates
conditional loss tables. Section 11.5 computes VaR and CVaR from those
tables and applies the method to the copper procurement example. The
chapter ends with practical conclusions for risk analysts.

11.2 Testing for Non-Stationarity with Simple Di-
agnostics

Before building a price lattice, the analyst should decide whether the price
level can reasonably be treated as stable around a fixed mean. This is not
a purely statistical question. It affects the risk model. If the price level is
persistent, the lattice should allow shocks to remain in the price level. If the
price level is stationary, a model with pullback toward a reference level may
be more appropriate. This chapter uses simple diagnostics rather than a full
econometric modelling exercise.

The first diagnostic is visual. A stationary price level should fluctuate
around a relatively stable centre. A non-stationary price level may drift, move
across regimes, or remain far from earlier historical levels for long periods.
Figure 11.1 plots monthly copper prices and a 36-month rolling mean. The
rolling mean changes materially over the sample, which is a warning against
treating one historical average as a reliable short-run anchor.
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Figure 11.1: Copper prices and a 36-month rolling mean.

The second diagnostic is the autocorrelation function. For a series yt, the
lag-h autocorrelation measures the association between yt and yt−h. Lag zero
is omitted because it is always equal to one and has no diagnostic value. A
stationary series typically has autocorrelations that decline relatively quickly.
A persistent or non-stationary price level often has autocorrelations that
remain high over many lags. By contrast, price changes may show much
weaker autocorrelation [1, 6].
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Figure 11.2: Autocorrelation of copper log prices and monthly log price
changes, excluding lag zero.

Figure 11.2 shows a high and slowly declining autocorrelation for the log
price level. Monthly log price changes have much weaker autocorrelation.
This is the empirical pattern expected when the level is persistent but the
increments are more stable.

The third diagnostic is to compare subperiods. Table 11.1 shows that
average copper prices in 2000–2007 were far below the averages observed after
2008. This does not prove a specific stochastic process, but it reinforces the
point that the price level has not behaved as a stable constant over the full
sample.

Table 11.1: Copper price levels across subperiods
Sample Mean price Minimum price Maximum price
2000–2007 3389 1377 8046
2008–2014 7232 3072 9868
2015–2024 7103 4472 10231

The fourth diagnostic is the augmented Dickey–Fuller (ADF) test. The
ADF test is a standard unit-root test used to distinguish a persistent non-
stationary level from a stationary process [4, 6]. For yt = logPt, a simplified
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ADF regression is

∆yt = a+ byt−1 +

q∑
i=1

ci∆yt−i + et. (11.1)

The coefficient b is the key parameter. If b = 0, the level behaves like a
unit-root process: shocks to the level are persistent. If b < 0 and statistically
different from zero, the process tends to pull back after moving away from
its previous level, which is evidence against a unit root. The ADF statistic is
the test statistic for b = 0, using non-standard critical values. The p-value
reports whether the unit-root null can be rejected. A small p-value supports
stationarity; a large p-value means that the data do not provide enough
evidence to reject a unit root.

Table 11.2: ADF diagnostics for copper log prices and monthly log price
changes
Series tested ADF statistic p-value Interpretation
Log price level, 2000–2024 -1.91 0.328 Unit root not re-

jected
Monthly log price changes, 2000–
2024

-4.89 < 0.001 Unit root rejected

Table 11.2 gives the key diagnostic result. For log price levels, the test
does not reject b = 0. The implication is not that the price must literally
follow a random walk, but that the data do not justify imposing a stable
short-run mean. For monthly log price changes, the test rejects the unit-root
null. This supports the modelling strategy used in the chapter: treat the price
level as persistent and calibrate the lattice from the more stable distribution
of monthly log price changes.

These diagnostics lead to a disciplined modelling choice. The copper
case below uses a non-stationary random-walk lattice. Shocks are allowed to
persist in the price level, and no short-run pullback toward a fixed reference
price is imposed. Mean-reverting commodity models may be appropriate in
other settings, especially where storage, seasonality, production response, or
physical balancing create a defensible short-run reference level. They are not
used in this chapter.

11.3 Building Price Lattices from Historical Data

Let Pt denote the commodity price at time t. In the running case, Pt is
the monthly copper price in US dollars per metric ton. The analyst starts
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by measuring the volatility of monthly log price changes, log(Pt/Pt−1). Log
changes describe proportional movements and aggregate naturally over time.

A binomial price lattice starts from the current price P0. At each future
period, the price moves up or down:

Pt+1 =

{
uPt, with probability p,

dPt, with probability 1− p,

where u > 1 is the upward multiplier and 0 < d < 1 is the downward
multiplier. After t periods, if k upward moves have occurred, the price at
node (t, k) is

Pt,k = P0u
kdt−k, k = 0, 1, . . . , t.

The lattice is recombining because an up-then-down path reaches the
same node as a down-then-up path:

P0ud = P0du.

This makes the structure compact. A full binary tree has 2t paths after t
periods, while a recombining binomial lattice has only t + 1 distinct price
nodes at that date. This is why binomial trees and lattices are widely used
as discrete approximations to dynamic price uncertainty [3, 7, 5].

The multipliers u and d should reproduce the scale of one-period price
uncertainty. A common choice, used in binomial approximations to lognormal
price dynamics, is to set the up and down movements symmetrically in
log-price space [3, 7]. If σ̂ is the sample standard deviation of monthly log
price changes, a one-period specification is

u = eσ̂, d = e−σ̂.

This means that one up move increases the log price by one estimated monthly
standard deviation and one down move decreases it by the same amount.
The product ud = 1 makes the movements symmetric around the current
log price, so an up move followed by a down move returns to the same price
node. For a time step of length ∆t, the usual scaled version is

u = eσ̂
√
∆t, d = e−σ̂

√
∆t,

because diffusion-type price uncertainty scales with the square root of time
[7, 5]. In this chapter, the time step is one month, so ∆t = 1 when σ̂ is
estimated from monthly data.
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The probability p must be interpreted carefully. In option pricing, lattices
are often evaluated under risk-neutral probabilities. In this chapter, the
objective is different: the analyst wants a real-world distribution of future
procurement losses. The probability p is therefore a physical probability used
for risk estimation, not a risk-neutral pricing probability. This distinction
matters in commodity applications because a model may fit futures prices
while still implying different real-world spot-price dynamics [2].

A simple empirical estimate is the historical frequency of positive monthly
log price changes,

p̂ =
1

Thist

Thist∑
t=1

1 {log(Pt/Pt−1) > 0} .

Alternatively, p may be selected to match an estimated one-period expected
growth factor. If

g = E

[
Pt+1

Pt

]
,

then the lattice implies
g = pu+ (1− p)d,

and therefore
p =

g − d

u− d
.

The calibration choice should always be reported: estimation window, price
change definition, volatility estimate, drift assumption, and transition proba-
bility.
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Figure 11.3: A six-month recombining copper price lattice calibrated from
monthly copper price changes.

Worked Example 11.1: Calibrating the first copper-price nodes.
Using monthly copper prices from January 2000 to December 2024, the
monthly log-price-change volatility is 6.21%. A simple one-month lattice
gives

u = e0.0621 = 1.064, d = e−0.0621 = 0.940.

Starting from the December 2024 copper price P0 = 8916, the first two
price nodes are approximately

P1,1 = 8916× 1.064 = 9488,

and
P1,0 = 8916× 0.940 = 8379.

The same sample has positive monthly log price changes in 54.85% of
months, giving p̂ = 0.549.

11.4 Backward Induction

The previous sections built the future price lattice. Backward induction is
the method that turns that lattice into a dynamic risk estimate. The logic is
simple: first define the loss at the terminal nodes, then work backward to
compute what each earlier node implies for future losses. In decision models,
backward induction is used to choose actions. In this chapter, there are no
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decisions yet. The method is used only to evaluate risk.
Backward induction starts with a loss function. In the copper procurement

case, the firm is exposed to price increases relative to today’s price. For a
planned purchase of Q metric tons at horizon T , define the terminal downside
loss as

LT,k = Qmax(PT,k − P0, 0). (11.2)

This loss is zero if the future price is below the current price, because the
firm does not suffer an additional procurement cost. It is positive if the
future price exceeds the current price. For results per metric ton, set Q = 1.
For a larger purchase, multiply the per-ton losses by Q. Equation (11.2) is
deliberately narrow: it isolates commodity price-increase risk before adding
hedging, inventory, supplier, or production decisions.

Worked Example 11.2: Procurement loss function.
Suppose today’s copper price is P0 = 8916 dollars per metric ton and
the firm plans to buy one metric ton in six months. If a terminal node
has price P6,k = 12943, then Equation (11.2) gives

L6,k = max(12943− 8916, 0) = 4027.

If another terminal node has price P6,k = 8379, the loss is

L6,k = max(8379− 8916, 0) = 0.

The loss function measures downside procurement exposure, not total
purchasing cost. It answers the question: how much more would the
firm pay if it waits and the price is higher at the purchasing date?

For expected loss, backward induction is scalar. At terminal nodes,

VT,k = LT,k.

At an earlier node (t, k),

Vt,k = pVt+1,k+1 + (1− p)Vt+1,k. (11.3)

The value Vt,k is the expected future loss conditional on being at time t and
node k. It is not a price and it is not a decision value. It is a risk estimate:
the average terminal downside loss implied by all future paths that can still
be reached from that node.

Expected loss is not enough for downside-risk management. VaR and
CVaR depend on the tail of the conditional loss distribution. Therefore,
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backward induction for VaR and CVaR should propagate loss tables, not only
scalar expected values.

At node (t, k), let h = T − t be the number of periods remaining. If j of
those h remaining periods are upward moves, the terminal price reachable
from node (t, k) is

P T
t,k(j) = Pt,ku

jdh−j , j = 0, 1, . . . , h. (11.4)

The corresponding terminal loss is

ℓ
(t,k)
j = Qmax(P T

t,k(j)− P0, 0). (11.5)

For a constant-probability binomial lattice, the conditional probability of
that terminal node is

π
(t,k)
j =

(
h

j

)
pj(1− p)h−j . (11.6)

The conditional loss table at node (t, k) is obtained by listing the losses ℓ
(t,k)
j

and their probabilities π
(t,k)
j . If several values of j produce the same loss,

their probabilities are added. This aggregation is important for procurement
losses because all terminal prices below P0 produce the same loss, zero.

The distinction is important. Expected loss can be propagated as a single
number because expectation is linear. VaR and CVaR cannot generally be
obtained by averaging the VaR or CVaR of the child nodes. The tail of the
combined loss table may be different from the weighted average of child-node
tails. This is why VaR and CVaR are computed from the full conditional loss
table [13, 12].
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Worked Example 11.3: Conditional loss table at a node.
Consider a two-period lattice from node (t, k). Suppose the upward
probability is p = 0.550 at each step and the terminal losses after two
steps are

ℓ
(t,k)
0 = 0, ℓ

(t,k)
1 = 300, ℓ

(t,k)
2 = 1200.

The middle loss receives probability from two paths, up-then-down and
down-then-up. Using Equation (11.6), the conditional loss table is

Loss 0 300 1200

Probability (0.450)2 2(0.550)(0.450) (0.550)2

or approximately

Loss 0 300 1200

Probability 0.203 0.495 0.303.

This table, not the individual paths alone, is the object used to compute
VaR and CVaR at the node.

11.5 Node-Conditional VaR, CVaR, and the Copper
Risk Map

A price lattice becomes a risk model once each node has a conditional loss
table. At time t and node k, the node-conditional VaR at confidence level α
is

VaRα,t,k = inf {ℓ : P (Lt:T ≤ ℓ | t, k) ≥ α} .

It is the loss threshold that is exceeded with probability at most 1 − α,
conditional on being at that node.

For CVaR, the most useful definition in a finite lattice is the Rockafellar–
Uryasev representation. Suppose the conditional loss table at node (t, k)
contains losses ℓm with probabilities πm, where m = 1, . . . ,M and

∑
m πm =

1. Then

CVaRα,t,k = min
z∈R

{
z +

1

1− α

M∑
m=1

πm(ℓm − z)+

}
. (11.7)

At an optimum, z is a VaR value [11, 12]. The advantage of Equation (11.7)
for lattice models is that the lattice already provides a finite conditional loss
table at every node. The formula handles unequal probabilities, discrete
outcomes, and the splitting of a probability mass at the VaR point without
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requiring a simulation model. It also links the risk-estimation step in this
chapter to the CVaR-constrained optimization models used later in the book
[8].

For hand calculation, Equation (11.7) is implemented by a sorted-tail
calculation. Sort the conditional losses in increasing order, ℓ(1) ≤ ℓ(2) ≤ · · · ≤
ℓ(M), with associated probabilities π(m). Define the cumulative probabilities

Πj =

j∑
m=1

π(m).

The VaR index j∗ is the first index such that Πj∗ ≥ α, so

VaRα,t,k = ℓ(j∗).

CVaR then averages exactly the worst 1−α probability mass. If the confidence
level cuts through a probability mass at the VaR point, only the required
fraction of that VaR atom is included. Let

q+ =
M∑

m=j∗+1

π(m)

be the probability strictly above the VaR point. The probability weight taken
from the VaR atom is

q0 = (1− α)− q+.

The sorted-tail formula is therefore

CVaRα,t,k =
q0ℓ(j∗) +

∑M
m=j∗+1 π(m)ℓ(m)

1− α
. (11.8)

Equations (11.7) and (11.8) are two ways to compute the same quantity. The
Rockafellar–Uryasev representation is more compact and connects directly to
optimization. The sorted-tail formula is more transparent for hand calculation,
because it shows exactly which losses enter the tail average and how much of
the VaR atom is included.

Copper application: baseline risk estimates

The copper data used in the examples are monthly nominal prices from the
World Bank Commodity Price Data, commonly known as the Pink Sheet
[15]. The sample runs from January 2000 to December 2024, and prices
are measured in US dollars per metric ton. The diagnostics in Section 11.2
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support a non-stationary random-walk baseline for the price level. The six-
month lattice uses u = 1.064, d = 0.940, p̂ = 0.549, and the procurement loss
in Equation (11.2).

Table 11.3: Copper data and baseline random-walk lattice inputs
Quantity Value
Monthly price observations 300
Monthly log price changes 299
Current price, P0 8916 dollars/metric ton
Mean monthly log price change 0.53%
Monthly log-price-change volatility, σ̂ 6.21%
Frequency of positive monthly log price changes, p̂ 54.85%
Up multiplier, u = eσ̂ 1.064
Down multiplier, d = e−σ̂ 0.940
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Worked Example 11.4: CVaR from the six-month copper lattice.
At the initial node of the six-month random-walk copper lattice, the
terminal loss table per metric ton is

Terminal loss 0 1179 2515 4027

Probability 0.562 0.277 0.134 0.027

The zero-loss probability combines all terminal nodes at which copper
ends at or below the current price. The positive losses correspond to
four, five, and six upward moves. This aggregation is the main advantage
of the lattice: many paths are represented by a small conditional loss
table, while the probabilities still reflect the number and likelihood of
the paths reaching each terminal loss.
At the 95% confidence level, the cumulative probability reaches 0.839
after loss 1179 and 0.973 after loss 2515. Hence

VaR0.95 = 2515.

The worst 5% probability mass contains all 2.7% probability at loss 4027
and only 2.3% probability from the VaR atom at loss 2515. Using the
sorted-tail formula in Equation (11.8),

CVaR0.95 =
0.0228(2515) + 0.0272(4027)

0.050
≈ 3338.

The same result is obtained from the Rockafellar–Uryasev representation
in Equation (11.7). At z = 2515,

z +
1

1− 0.95

∑
m

πm(ℓm − z)+ = 2515 +
1

0.05
[0.0272(4027− 2515)]

≈ 3338.

The minimising z is a VaR value. The sorted-tail calculation shows the
tail composition; the Rockafellar–Uryasev formula gives the same CVaR
through a single convex expression.

The same calculation produces a compact comparison with empirical
six-month benchmarks. The benchmarks are included as context, not as
substitutes for the lattice. The lattice is useful because it gives conditional
future loss tables at each node, not only one empirical distribution estimated
from past windows.
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Table 11.4: Six-month copper downside-risk estimates per metric ton
Estimate Expected loss VaR 95% CVaR 95%
Random-walk lattice 774 2515 3338
Historical benchmark 497 2283 2712
Recent benchmark 657 2018 2662

Notes: The historical benchmark uses all six-month windows in 2000–2024. The recent
benchmark uses the last 60 six-month windows.

For a planned purchase of 100 metric tons, the lattice CVaR exposure is

100× 3338 = 333800

dollars of additional procurement cost. This is not a forecast of the most
likely cost. It is the average loss in the worst 5% of lattice-implied six-month
outcomes.

Node-conditional risk maps

The same lattice can display the risk estimate at each node. Figure 11.4
shows the node-conditional expected terminal loss. Figure 11.5 shows the
node-conditional 95% CVaR. The expected-loss lattice summarizes average
exposure; the CVaR lattice emphasizes escalation states where the remaining
tail loss is materially larger.
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Figure 11.4: Node-conditional expected terminal loss on the six-month
random-walk copper lattice.
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Figure 11.5: Node-conditional 95% CVaR on the six-month random-walk
copper lattice.

In operational risk terms, the CVaR lattice is an escalation map. It
identifies states where procurement risk has increased before a procurement,
hedging, or inventory decision is optimized. It turns the lattice into a
transparent monitoring device rather than a single static risk number.

11.6 Sensitivity Analysis and Model Transparency

The lattice is transparent because its assumptions can be stressed. Two
sensitivities are most useful for the non-stationary random-walk case: the
procurement horizon and the volatility calibration.
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Figure 11.6: Sensitivity of copper downside risk to the procurement horizon.

Figure 11.6 shows that horizon matters. In the random-walk lattice,
the 95% CVaR rises quickly as the horizon increases because shocks can
compound. This is why procurement timing is a dynamic risk question rather
than a static price question.
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Figure 11.7: Sensitivity of six-month random-walk risk estimates to the
volatility calibration.

Figure 11.7 uses the same six-month horizon as the baseline case and
varies the historical volatility estimate by a multiplier. This is a model-risk
check, not a forecast exercise. Volatility is estimated from a finite sample and
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may change across regimes. Stressing it shows how much the CVaR estimate
depends on the assumed scale of monthly price movements. Increasing the
volatility multiplier from 0.8 to 1.2 raises the six-month random-walk CVaR
from approximately 2579 to 4149 dollars per metric ton.

A final warning is essential. This chapter computes the CVaR of future
losses conditional on each node. That is different from solving a fully dynamic
CVaR optimization problem. In multi-stage decision problems, CVaR may
be time inconsistent: an action that appears optimal from the initial date
may not remain optimal after new information arrives. Recent work on
CVaR in Markov decision processes emphasizes precisely this difficulty and
explains why classical dynamic programming does not apply directly to CVaR
objectives [16, 14, 9]. The chapter therefore remains an estimation chapter:
it builds transparent conditional loss distributions before any optimisation
layer is added.

11.7 Conclusions and Key Takeaways

This chapter converted a non-stationary commodity price series into a trans-
parent dynamic risk map. The central step was the construction of conditional
loss tables at the nodes of a price lattice. Once the price reaches a node,
expected loss, VaR, and CVaR are computed from the losses still reachable
from that node.

The copper example illustrates the logic. The log price level is persistent
and the unit-root null is not rejected, while monthly log price changes are
stable enough to calibrate the lattice. The resulting random-walk lattice
preserves price-level persistence and translates it into procurement downside
risk.

Key takeaways

• Test the price level before choosing the lattice. If the level is persistent,
do not impose fast reversion to a historical mean.

• Use the lattice to construct conditional loss tables. These tables are
the basis for expected loss, VaR, and CVaR at each node.

• Compute CVaR from the tail of the conditional loss table. The
Rockafellar–Uryasev formula and the sorted-tail calculation give the
same result; the latter makes atom splitting visible.

• Treat sensitivity analysis as part of the result. Horizon and volatility
assumptions materially affect the copper CVaR estimate.
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